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Abstract—Existing efficient parallel-prefix modulo 2" —1 adder
designs either rely on standard carry equations or apply a
specific factorization of these equations only at the initial level.
In this paper, we introduce two extensions to the design theory
of parallel-prefix modulo 2" — 1 adders. We show that several
factorizations are possible and that these factorizations can be ap-
plied at any prefix level, rather than being restricted to the initial
one. Combined with the use of higher-valency operators, these
extensions enable a broader exploration of the design space and
lead to a larger family of adders. Previously proposed parallel-
prefix architectures can be viewed as specific members of this
generalized family. Experimental results show that several newly
derived members of this adder family outperform previously
reported designs in speed and achieve the best efficiency under
the area x delay’ metric.

Index Terms—Modulo 2™ — 1 adders, parallel-prefix computa-
tion, Ling adders, Residue Number System (RNS)

1. INTRODUCTION

Modulo 2™ — 1 arithmetic plays an important role in a
wide range of computational systems where high-speed and
area-efficient arithmetic operations are required. Its properties
make it particularly attractive in applications such as fault-
tolerant computing [1] and checksum computations in high-
speed networks [2], where modular operations are frequently
used to detect errors and verify data integrity.

In addition, modulo 2" — 1 arithmetic is a fundamental
component of Residue Number Systems (RNS), which repre-
sent numbers using several smaller, independent residue chan-
nels. This representation enables carry-free arithmetic between
channels and offers a high degree of parallelism, making RNS
especially suitable for computationally intensive applications.
Many RNS-based applications, including digital signal and
image processing [3]-[5], and neural network acceleration [6]—
[10], can benefit from this parallel arithmetic structure. In
such systems, arithmetic units are often required to perform
a large number of additions with low delay, small area, and
reduced power consumption. Since addition is one of the most
frequently used operations in these workloads, the design of
efficient modulo 2" — 1 adders is essential and has a direct
impact on the overall performance, area, and energy efficiency
of the system. For this reason, modulo 2" — 1 adder design
has become a widely studied research topic, and considerable
effort has been devoted to improving the speed and hardware
efficiency of these adders.

Several architectures have been proposed to address the
design of efficient modulo 2" —1 adders. Single- and two-level

carry-lookahead (CLA) adders were introduced in [11], to
reduce the addition delay, while a carry-select-based solution
was explored in [12]. More efficient designs based on parallel-
prefix carry computation were presented in [13] and [14]. The
architecture in [13] performs the modulo operation by feeding
the carry-out of a conventional parallel-prefix integer adder
back to all carry positions through an additional prefix level.
However, this feedback mechanism leads to a maximum wire
fan-out of n, increasing the critical-path delay. To overcome
this limitation, [14] proposed recirculating the carry-generate
and carry-propagate signals within the existing prefix structure,
thereby canceling the need for an extra prefix level.

Another important direction in fast adder design was in-
troduced by Ling [15], who proposed a simplified carry
formulation by factoring the most significant carry-propagate
term out of each carry equation. The resulting carry defini-
tion, commonly referred to as the Ling carry, reduces the
complexity of carry computation and has been used to design
efficient parallel-prefix integer adders [16] and modulo 2™ — 1
adders in [17]. The original Ling formulation considers only
a single factorization, applied at the initial level of the adder.
For integer adders, it was shown in [18] that the factorization
introduced by Ling is one among several possible alternatives.
Moreover, these alternative factorizations can be applied not
only at the initial level, but also at any level of the parallel-
prefix structure. As a result, further simplifications of the carry
equations become possible, leading to faster integer adder
implementations.

In this paper, we show that different factorizations of the
modulo 2" — 1 carry equations are also possible, and that
such factorizations can be applied not only at the initial level,
but also at any prefix level of the adder. These observations,
combined with the use of high-valency prefix operators, allow
us to introduce a new family of modulo 2" — 1 adders. Each
member of this family is characterized by the factorization
degree and the valency of the prefix operators used at each
prefix level. The previously proposed architectures in [14]
and [17] can be viewed as special cases of the proposed
design space. By exploring this extended design space, we
identify new members of the proposed family that outperform
all previously reported modulo 2" — 1 adders in terms of
speed, while also achieving the best efficiency under the
area x delay? metric.

The rest of this paper is organized as follows. Section II
reviews the fundamentals of parallel-prefix integer and modulo
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Fig. 1. 8-bit integer adder using a Kogge-Stone (a) or a Ladner-Fisher (b) parallel-prefix carry computation unit.
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Fig. 2. 16-bit integer adder with up to valency—4 prefix operators.

2" — 1 addition, along with the different carry formulations
used in such adders. Section III introduces the proposed
extended design theory for parallel-prefix modulo 2" — 1
adders. Section IV presents quantitative comparison results
against previously proposed architectures.

II. BACKGROUND
A. Parallel-prefix addition

Let A= {an—_1,an-2,...,a0} and B = {b,,_1,by,—2, ..., 00}
represent the two n-bit operands to be added, and let S =
{Sn—1, Sn—2, ..., So} denote their sum. An adder that performs
the addition can be considered as a circuit composed by the
initial (preprocessing) stage, the carry computation unit and
the summation stage.

The initial stage computes the carry generate (g;), the
carry propagate (p;) and the half-sum (h;) bits, according
to g; = a; - b, pi = a; +b; and h; = a; © b;, for
0 < ¢ < n—1, where -,+ and @& denote the logical
AND, OR, and exclusive-OR operations, respectively. The
carry computation stage computes the carry signals c¢;, for
0 <4 < n —1 using the carry generate and carry propagate
bits g; and p;. Finally, the summation stage computes the
sum bits according to s; = h; ® ¢;—;. Carry computation is
transformed into a parallel-prefix problem using the o operator,

which associates pairs of generate and propagate signals and
was defined in [19] as (g,p)o(¢',p') =(9+p-¢,p-p'). In
a series of associations of consecutive generate and propagate
pairs the notation (G.j, Pk.;), is used to denote the group
generate and group propagate terms, respectively, produced
out of bits k,k — 1,...,5 + 1,4, that is,

(Grijs Pr:j) (9k+Pk) © (Gh—t:Pr—1) O ... 0

o(gj+1,Pj+1) © (95, p5) (1)

In integer addition, the carries ¢, are equal to the group
generate G-

The parallel-prefix carry computation structures are often
represented as directed acyclic graphs. In these graphs the
prefix operators are represented by black nodes which are
placed on a grid of rows (prefix levels) and bit columns. As an
example, Fig. 1 presents the parallel-prefix structures proposed
by Kogge-Stone [20] and Ladner-Fisher [21] for the design of
an 8-bit adder (buffering nodes used are indicated as white
circles). Both these approaches use [log, n| prefix levels for
the design of an n-bit integer adder with no carry input, when
valency—2 prefix operators are used.

For achieving a lower number of prefix levels and in
some cases lower logical levels, higher valency operators
can be used [22]. For example, Fig. 2 presents the parallel-
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Fig. 3. Modulo 28 — 1 parallel-prefix adder designs

prefix graph of a 16-bit integer adder that requires only two
prefix levels by using prefix operators of various valencies.
The valency of the operators used is shown as a number
within each operator. It is noted that in all parallel-prefix
graphs, the connection order of the (g,p) inputs to a prefix
operator is important. For example, a valency—4 operator
produces (G'3.0, P3.0), if (93, 93), (92, p2), (91, p1) and (go, po)
are driven left to right at its inputs as shown in the graph. In
the rest of this paper we consider that valency-2 or valency—4
operators are used.

B. Modulo 2™ — 1 parallel-prefix adders

In the following we assume modulo 2" — 1 adders with
double representation of zero, that is, adders that may produce
all Os or all 1s at their output to indicate a zero result.
Modifications for adders that only produce the all Os output
to indicate a zero result have been presented in [14], [23].
We further assume that a normal weighted binary encoding
is used for the inputs and outputs. Other encodings that have
been considered (for example signed-1sb [24]) and that require
forward / reverse converters from / to the normal representation
are out of the scope of this paper.

The operation of modulo 2" — 1 adder is defined as:

|A + Blan,
|A+ Blan + 1,

if A+ B<2"

A+ Blon_1 =
| fon { if A+ B> o

or equivalently, |[A+ Blan_1 = |A+ Blan + ¢,—1 Where ¢,
is the carry output of the integer addition of A with B.
Although a direct connection of the carry output of an
integer adder back to its carry input results into a modulo
2" — 1 adder, it also leads to a circuit that suffers from
oscillations [25] and requires significant time to settle to its
correct output due to races. Therefore, in [13] it was suggested
to perform the addition of ¢,—; to the A + B sum by an
additional carry increment stage as shown in Fig. 3(a). Since
the carry increment stage requires an extra level of prefix
operators which are all driven by the carry output of the integer
adder, such an adder design suffers from increased delay.

In [14], it was shown that the i-th carry ¢ (* is used in
the following to differentiate modulo 2" — 1 carries against
integer ones) of the modulo 2" — 1 addition is given by:

¢; = Gip+ PioGno1:it1 (2)
which can be computed using the o operator as:

(9i,pi) © ... © (90, P0) © (Gn—1,Pn—1) © ... © (Git+1,Dit1)-

In the parallel-prefix carry computation proposed by [14],
and shown in Fig. 3(b) for the case that n = 8, the carries
are computed by recirculating the intermediate generate and
propagate terms in the existing prefix levels of a parallel-prefix
tree, resulting in faster adders than those proposed in [13].

It is obvious that carry computation in a modulo 2" —1 adder
is more complex than that of an integer adder. In the modulo
case all generate and propagate terms are associated in the
computation of every carry in a circular manner compared to
only those of the current and the less significant bit positions in
the integer adder case. Because of this circular form and for the
ease of presentation, when referring to modulo 2" — 1 adders
in the following we use the notations X; even for negative
values of 4, to denote signal X|;,. We also use G and P
even when j > 4, to denote the group generate and group
propagate out of group of bits in a circular way, that is, in
these cases G.j = G0 + Pi.oGp—1:j and Py.; = Pi.oPy—1.;.

C. Ling factorization

By observing that g; = p;g;, Ling [15] proposed that a
propagate term is factored out of the carry equation. In this
way the carry computation becomes simpler at the expense of
a more complicated preprocessing stage. Since the analysis
is similar for both integer and modulo 2™ — 1 adders, we
exemplify this factorization by considering the modulo 2% — 1
case. According to (2) the carry c3 of a modulo 2% — 1 adder

is equal to:
3 = g3+tp3gat...

p3p2p1pogr +

+ p3p2p190 +
..+ p3p2p1pPop7PePsgs  (3)

Using that g3 = psgs, (3) can be rewritten as:

P3(93 + g2+ ...+ pap1go +
+p2p1Pog7 + ... + P2P1POPTP6P5G4)

5 =
= pSH 35
where Hj is often called the Ling carry. Hs can be further

rewritten [17] as:

Hy = (g3+g2)+ (p2p1)(91 + g0) +

+(p2p1) (Pop7) (97 + g6) +
+(p2p1) (Pop7) (Peps) (95 + 94) €]
Defining the new generate terms R; = ¢; + ¢;—1 and the
new propagate terms (); = p;p;—1, and using them in (4) the
following equation can be derived for H3

H3 = R3 + Q2R + Q2Q0R7 + Q2Q0Q6Rs Q)
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Fig. 4. Ling modulo 28 — 1 parallel-prefix adder

Using the o operator in (5), H3 can also be expressed as the
group generate term of:

Hs — (R3,Q2) o (R1,Q0) o (R7,Q¢) © (Rs,Q4)

The corresponding expressions for the remaining Ling modulo
carries H; can be derived in a similar manner. In the general
case, H; is the group generate term of

H; — (R, Qi—1) 0 (Ri—2,Qi—3) 0 -+ -0 (Riy2, Qit1)

Utilizing the above, in [16] and [17] parallel-prefix Ling
carry computation units have been proposed for integer and
modulo 2™ — 1 adders, respectively. The parallel-prefix archi-
tecture for the Ling modulo 28 — 1 adder proposed in [17]
is shown in Fig 4. The preprocessing stage of these adders is
more complicated since it also needs to compute the R; and the
Q; signals. However, these can be derived efficiently by using
and-or-invert (AOI) and or-and-invert (OAI) compound gates.
The summation stage is actually a multiplexer which uses the
Ling carry as the select signal of two precomputed sum bits.
Considering that a multiplexer offers almost the same delay
as an XOR gate and that both its inputs are available before
the selecting Ling carry H;_1, it is evident that this modified
summation stage does not impose any delay penalty over the
previous cases. On the other hand, significant savings in delay
over the previous designs result in the carry computation unit
which in this case requires one less prefix level compared to
the adders shown in Fig. 3.b.

III. PROPOSED FAMILY OF MODULO 2" — 1 ADDERS

The family of modulo 2" —1 adders presented in this section
is based on two extensions of the existing design theory, which
are introduced by design examples in the following.

The first is that the factorization considered by Ling is just
one of many alternatives. This extension alone is sufficient
in providing us with a new architecture that relies on an even
simpler carry equation. We introduce this using as an example

the cf carry of a modulo 28 —1 adder, which according to [14]
is equal to:

¢ = g5+ D594+ Pspags + pspapsge +

+Pps5pap3p291 + PsPap3p2p1go +
+D5p4P3P2P1P0g7 + P5Pap3p2p1Poprgs  (6)

Given that g; = p;g;, some of its possible factorizations are:

P5(95 + g1 + pags + papsge + papsp2g1 +
+Papsp2p1go + Pap3p2p1Pogr +
+pap3p2p1Popge) N
= (g5 +pspa)(95 + g4 + g3 + P392 + P3p2g1 +
+p3p2p1go + P3p2p1Pogr + P3P2P1P0PTYs) 3
= (95 +P594 + P5paps)(gs + g4 + g3 + g2 + p2g1 +
+p2p19o + P2p1Pogr + P2pP1PoP7Y6) )

Therefore, the adders of [14] can be viewed as architectures
in which no factorization is applied to the carry equations.
Ling adders [17] correspond to architectures in which only the
factorization of (7) is considered. As a result, they reduce the
complexity of the carry equations by only a single propagate
term.

The adders of the proposed family may employ any alter-
native factorization for reducing the complexity even more.
This is demonstrated by considering the factorization of (9),
where three terms are factored out of the carry equation. Let
D; = (9; + pigi—i + pipi—1pi—2) denote the term inside the
first parenthesis of (9). This term can be efficiently computed
in the preprocessing stage using a compound AOI gate, with
a delay smaller than that of two prefix levels. By grouping the
terms in the second parenthesis, we obtain:

Ds[(g5 + g4) + (93 + g2) + (p2p1)(91 + g0) +
+(p2p1) (Pop7) (g7 + 96)]

* —
Cy =
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Fig. 5. Modulo 28 — 1 adder based on (9) with valency—4 prefix operators.

Substituting R; = g; + gi—1, and Q; = p;p;—1 into the above
expression, we obtain:

c5 = D5(R5 + R3 + Q2R1 + Q2QoRr) =

where F5 denotes the new simplified form of the carry, and is
defined as the group generate of:

— (R5,1) o (R3,Q2) o (R1,Qo) o (R7,Q6)

The term Fj can be computed in either one or two prefix
levels, depending on whether valency—4 or valency-2 prefix
operators are used, respectively. Moreover, since the propagate
component of the (R5, 1) pair is constant, the corresponding
prefix operators can be further simplified. Generalizing the
above, the carries ¢} of a modulo 28 — 1 adder that adopts the
factorization of (9) and uses valency—4 prefix operators can be
computed as:

¢; = Di(Ri+Ri—2+ Qi—3Ri—4+ Qi—3Qi—5R;i_s)
D;F;

D5 Fj

Comparing F; against H;, it is obvious that due to the greater
factorization, its logic equation is simpler and can therefore
be computed earlier.

Since D; is always computed earlier than F;, additional
delay in the summation stage can be avoided by precomputing
the two possible sum values, h; and h; & D;_;. The late-
arriving signal F;_; is then used to select the correct result,
according to:

hi®ci_y =h; ®(Di—1F;_1)
Fi1(hi ® Di—y) + Fi_1h;

S

This also dictates that D; should be computed at least one
XOR gate delay earlier than F;_;.

The derived adder is illustrated in Fig. 5. Compared against
the architecture of Fig. 4 it uses a more complex preprocessing
stage but requires only a single prefix level with simplified
valency—4 operators. It is noted that the simplistic unit-gate
model [26] provides an equal delay estimation of 8 equivalent
gates for both the architectures of Figures 4 and 5. However,
such estimations can not be considered fair since they ignore
routing and they do not properly account for the area and delay
of compound gates available in every CMOS design library.

In the above we considered only the possible factorizations
at the initial level of the adder. Our second extension is that
factorization should not be constrained just to the initial stage
of the adder; it can be performed at every level. We introduce
this second extension, using the modulo 216 _ 1 adder as
our presentation vehicle and discuss its implications. As an
example, let us consider ¢z of a modulo 26 —1 adder in which
the factorization of (7) is performed at both the initial and the
first prefix level of the adder. We consider that valency—4 and
valency—2 operators are used at the first and the second prefix
level of the adder, respectively.

The factorization at the initial level leads to:

prH7 = pr(R7 4+ Q6 Rs + Q6QuR3 + Q6Qu4Q2 Ry
+Q6(Q1Q20Q0 R15 + Q6Q4Q20Q0Q 14 R13
+Q6Q4Q2Q0Q14Q12 R11
+Q6Q1Q2Q0Q14Q12Q10 Ro)

Since we consider valency—4 operators in the first prefix level,
we group the terms of (10) in groups of 4, and by performing

"
Cr

(10)



a second factorization of the term R; + (g, we get that (10)
is equivalent to:

¢ = po(Br+Qo){ [Re + Rs + Qults + QuQaRn] +

+[Q4Q2Qo(R15 + Qua)]

[R15 + Ris + Q12R11 + Q12Q10Ro | } 11
= Di(F; +QiFfs)
= DiR; (12)

with
D} = pr(Rr+Qe),

F} = R;+ Rs+ QuRs + QsQ2Ry,

Qi = QuQ2Qo(Ris+ Qua),

Fls = Ris+ Ris+ Q12R11 + Q12Q10Ry, and
P = F+QiFs.

The superscript in each signal indicates the prefix level in
which this is computed (F% is also therefore F72). Considering
that we opted for the use of valency—4 prefix operators at the
first prefix level of the adder, Fi;, I are the group generate
propagate signals of:

Fly — (Ris,1) 0 (Ri3,Q12) 0
o(R11,Q10) o (Ry, Qs(R7 + Qg))  (13)
F} — (R7,1)0(Rs,Qu)o0

o(Rs3,Q2) o (R1,Qo(Ri5 + Q14)) (14)

while Q}, and Q} are the group propagate signals of (13)
and (14), respectively. Having them ready from the first prefix
level, the carry is then given by:

(F717Q411) o (F1155Qi2)

that is, it is the group generate of a valency—2 operator of the
second prefix level.

Generalizing the above, we can conclude that the carry c
of a modulo 2*¢ — 1 adder which adopts the factorization of
one term at the initial and the first prefix level, and which uses
valency—4 and valency—2 operators at the first and the second
prefix level, respectively, are the group generate signals of:

¢ =DiF} — pi(Ri + Qi—1)[(F}, Ql_3) o (Fl5,Qi_11)],
where:
F!' = Ri+Ri2+Qi3Ri_s+Qi—3Qi—5Ri_¢, and
Ql = QiQi—2Qi—4(Ri—5+ Qi)

Fr=F —

Although the recursive factorization of terms at the various
prefix levels removes complexity from the carry computation,
it also results in increased complexity of the D, signals.
Viewed in a more abstract way, the adders of the proposed
family may have two computation trees; that of the D; and
that of the F; signals. Every factorization makes the F; tree
shallower at the cost of the D; tree becoming deeper. Under

this abstraction, the adders of [14] can be considered as those
with a zero—depth D; tree and those of [17] as those that have
a D; tree of a single gate.

To ensure that no delay is added at the summation stage,
the computation of the D; signals must be complete at least
by the delay of an XOR gate earlier than the F; signals. That
is, the D; tree computation must be shallower than that of
the F; one. Therefore, the factorization as well as the valency
of the operators at every prefix level used must be chosen
carefully, in order to reach the adder that offers the least delay.
The fastest organization also depends on the availability of
compound gates in the design library as well as on their delay
difference against an XOR gate.

To better illustrate this, Table I presents the computations
performed at the prefix levels of two members of the modulo
232 — 1 adder family. Both adders use valency—4 prefix oper-
ators at both their prefix levels and use (9) for factorization at
the preprocessing level. Compared to Adder 2, Adder 1 uses an
extra factorization of a single term at the first prefix level. As
a result, the computation of F? is simpler in Adder 1 than that
of Adder 2. Although this allows to use simplified valency—4
operators in both Adder 1 prefix levels, while Adder 2 uses
simplified operators only at the first prefix level, Adder 1
requires more delay to compute D} which in our experiments
led to a larger delay than Adder 2. From the above, it
becomes obvious that the introduced extensions provide for
each wordlength an extended previously unexplored design
space. This space needs to be explored for every distinct design
library for finding the fastest member of the proposed family.
Given the cells available in each library, one has to examine
the factorization degree along with the valency of the operators
of each level. Such an exploration is presented next.

IV. COMPARISONS

As explained in Section III, the proposed adder family
offers many alternatives for each wordlength, depending on
the chosen factorization and the valency of the operators
of each prefix level. For determining the fastest possible
design at each wordlength, we built a generator that provided
all candidate adders built on valency-2 or valency—4 prefix
operators. Although all possible factorizations at each level
were considered, only those that result in the D; tree being
shallower than the F; tree were selected. For examining adders
with an increasing number of prefix levels, wordlengths of 8,
16, 32 and 64 bits were considered.

Each adder was mapped into a 32nm standard cell tech-
nology [27], using the Synopsys® Design Compiler® tool.
We assumed that each adder’s input and output is driven
by the output of a D flip flop and drives the input of a D
flip flop of the same implementation library, respectively. A
typical corner (1.05V, 25°C) was considered for all designs.
For our delay and area results, the mapped designs were
recursively optimized for speed until no performance gains
were possible. An area recovery step was finally applied. For
power estimations an operation frequency of 2 GHz and a
switching probability of 0.5 at each input were considered.



TABLE 1

ALTERNATIVE MODUL

0232 — 1 ADDERS

D; = g; +pigi—1 + PiPi—1Pi—2

Adder 1 Adder 2
Ri=gi+gi—1 Ri=gi+gi—1
Initial level Qi = pipi—1 Qi = pipi—1

D; = gi + pigi—1 + pipi—1DPi—2

Level 1 Q! =QiQi—2Qi—a(Ri—5 + Qi—¢)
D} = Di(F! +Ql_. )

Fl!=Ri+Ri—2+Qi—3Ri_4 +Qi—3Qi—5Ri—¢ | F} = Ri+ Ri_2+ Qi—3Ri—1 + Qi—3Qi—5Ri_¢

QF =QiQi—2Qi—4(Ri—5+ Qi—s)

FP=F 1 F) 1 Q)

F2_F1+Q 8+Q7, 3Q1 1nFi—ie

Level 2 1 i 11 —16 I
+Qz lle 19 —24 +Q'L 3Q1 llQ'L 19
Summation stage 8 = Fi,l(hz 3} Diil) + Fi,lhi 8 = Fi,l(hz O Di—1) + Fi,lhz

TABLE II
FASTEST MODULO 2" — 1 ADDERS ORGANIZATION AND LOGIC EQUATIONS
n=3~8 n =16
Organization: ]L[<9> =) Organization: Mi?’m’(_)
hi =a; ® b; hi =a; ®b;
pi = a; +b; pi =a; +b;
Initial level 9i = ai b gi = a; - b;
R;=9i+gi-1
Qi =pipi—1
D; = gi + pigi—1 + piDi—1Pi—2
=Ri+Ri2+Qi—3Ri—4+Qi—3+Qi—5Ri—¢ F! =gi+gi—1 +Pi—19i—2 + Pi—1Pi—20i—3
Level 1 Q% = PiPi—1Pi—2Pi—3
D} = piF} +pi-1Q}
Level 2 FP=F'+F  +Ql F ¢ +Ql sQi oF 1,
Summation stage s = Fil,l(hz‘ S Di—1)+ ﬁhi S8; = Ff,l(hi o D,L-l,l) + Fi{lhi
n =32 n = 64
Organization: 1\44(92’(_)’(_) Organization: Miz)&(n'w)’(_)
hi =a; ®b; hi =a; ®b;
pi =a; +b; pi=ai+b;
Initial level gi = aibi gi =ai-b;
R, =gi+gi-1
Qi =pipi—1
Di = gi + pigi—1 + pPiPi—1Pi—2
Fl!'=Ri+Ri_2+ Qi—3Ri—4 + Qi—3Qi—5Ri_¢ Fl'=g;+gi—1+pi—19i—2 + Pi—1Pi—29i—3
Level 1 Q} = QiQi—2Qi—a(Ri—5 + Qi—¢) Q} = pipi—1pi—2pi—3
Dl _sz +pz lQl
F:=F'+Q! ,Fl 4 +Q} SQL—llFi1—16 F27F1+F14+Q Fi_g +Qi_sQi_oF_ 12
Level 2 +Q;_ 3Q1 lle 195524 Q7 =Q} Q21—4Q'L—8(F1—11 + Qz—lZ)
D2 Dl (FQ + Q2 )
Level 3 _ FP=FP+F2 6+ Q7 01 FY gy +QF 507 57 F7 4s
Summation stage si=F2 [(hi®D;_1)+ F? | h; si=F2 (i ® Di—l) + F2 ki

Table II lists the family members that led to the best delay
results, along with the logic equations that are implemented
at each level, for n = 8,16, 32, or 64. The adder organization
is denoted by M,j?;g;;;;, where the superscript indicates the
factorization used in the initial and the subsequent levels of
the adder, whereas the subscript indicates the valency of the
operators used in each prefix level. A (—) indicates that no
factorization is performed at a certain level. a For example,
the organization M, » ) (D:D-(5) that led to the best delay at
n = 64 denotes an adder with three valency—4 prefix levels

and in which a single term is factored at the first and the
second prefix level of the adder, according to (7).

Table III lists our attained results of the fastest adders that
our design space exploration provided, against those of the
proposals of [14] and [17]. Delay results (T) are given in ps,
area results (A) in um?, and average power estimations (P)
in 4W. The delay savings that were attained compared against
the adders proposed in [14] range from 9.8% up to 12.3%. The
savings offered against the adders of [17] range from 5.9%
up to 6.1%. The results reveal that the introduced extensions



TABLE III
DELAY (T) IN PS, AREA (A) IN um? AND POWER (P) IN W RESULTS

[14] [17] Proposed
Delay (T) 307 286 269
n=3~8 Area (A) 244.9 265.5 261.3
Power (P) 27.3 26.4 26.2
Delay (T) 341 313 294
n =16 Area (A) 873.4 941.2 938.4
Power (P) 102.7 104.2 97.9
Delay (T) 401 381 355
n =32 Area (A) 2150.2 | 2103.9 2168.3
Power (P) 296.6 275.4 263.0
Delay (T) 458 440 413
n =64 Area (A) 6124.1 | 6150.5 6311.2
Power (P) 867.8 844.4 807.5
TABLE IV
AREA X DELAY2 NORMALIZED RESULTS
(n) [14] [17] Proposed
8 1.220 | 1.148 1.000
16 1.252 | 1.137 1.000
32 1.265 | 1.107 1.000
64 1.193 | 1.106 1.000

enabled us to derive faster adders than the already proposed
in every examined wordlength case.

In Table IV the well-known A x T? product is used as a
metric. It lists A x T2 results normalized over those offered by
the fastest adders. Savings of 19.3% up to 26.5% are offered
against the adders of [14]. The savings against the adders
of [17] range from 10.6% up to 14.8%.

V. CONCLUSIONS

In this paper several extensions of the already developed
theory on modulo 2™ — 1 parallel-prefix adder design were
introduced; namely, the use of higher valency operators along
with alternative and more aggressive factorizations that can
be performed in every prefix level and not only at the pre-
processing stage of the adder. Based on them, a large family
of previously unexplored adders was attained. Each adder of
this family has its own factorization degree and prefix operator
valency at each prefix level. The previously reported parallel-
prefix modulo 2" —1 adders can be considered as special cases
of this adder family.

By exploring this extended design space in a specific design
library for the most commonly used adder wordlengths, we
were able to derive parallel-prefix modulo 2™ — 1 adders that
are faster than all previously reported ones by at least 5.9%,
and also more efficient under the area x delay? metric by at
least 10.6%.
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